The potential V (φ) = λφ n is responsible for the inflation of the universe as scalar field φ oscillates quickly around some point where V (φ) has a minimum. The end of this stage has an important role on the further evolution stages of the universe. The created particles are responsible for reheating the universe at the end of this stage. The behaviour of the inflation and reheating stages are often known as power law expansion S(η) ∝ η 1+β , S(η) ∝ η 1+βs respectively. The reheating temperature (T rh ) and β s give us valuable information about the reheating stage. Recently people have studied about the behaviour of T rh based on slow-roll inflation and initial condition of quantum normalization. It is shown that there is some discrepancy on T rh due to amount of β s under the condition of slow-roll inflation and quantum normalization [6] . Therefore the author is believed in [6] that the quantum normalization may not be a good initial condition. But it seems that we can remove this discrepancy by determining the appropriate parameter β s and hence the obtained temperatures based on the calculated β s are in favour of both mentioned conditions. Then from given β s , we can calculate T rh , tensor to scalar ratio r and parameters β, n based on the Planck and WMAP-9 data. The observed results of r, β s , β and n have consistency with their constrains.
I. INTRODUCTION
The potential V (φ) = λφ n with constant λ is responsible for the inflation of the universe as scalar field φ oscillates quickly around some point where V (φ) has a minimum. The end of this stage has an important role on the further evolution stages of the universe. The created particles are responsible for reheating the universe at the end of this stage. Because of the inflation stage brought temperature of the universe below for the requirement of thermo nuclear reactions, therefore the reheating stage was necessary for the nucleosynthesis process.
The people have many studies about the reheating process but until now it is not well-known.
In the literatures [1] , [2] , [3] the behaviour of the inflation and reheating stages are often known as power law expansion S(η) ∝ η 1+β , S(η) ∝ η 1+βs respectively, where S(η) and η are scale factor and conformal time respectively. The parameters β and β s have constrained to 1 + β < 0, 1 + β s > 0 [1] , [4] . These stages have important effect on the evolution of relic gravitational waves (RGWs).
The reheating temperature (T rh ) with general range 10 MeV T rh 10 16 GeV [5] and β s are very important and give us valuable information about the reheating stage. Recently people have studied about the behaviour of T rh based on the slow-roll inflation and initial condition of the quantum normalization [6] . It is shown that there is some discrepancy on T rh due to amount of β s under the slow-roll inflation and quantum normalization [6] . In case of the slow-roll inflation is the correct condition, then the author has said in [6] that "the quantum normalization may not be a good initial condition". Also he has mentioned the point as follows, "if we do not consider quantum normalization, the zero point energy must be removed or else the cosmological constant would be 120 orders of magnitude more than observed". Therefore based on this point, we think both conditions are suitable conditions but we can remove the discrepancy by determining of the appropriate parameter β s provided it dose not exceed the condition 1 + β s > 0, and also the obtained spectral energy density is not more than level ≃ 10 −6 due to β s [1] . Hence the obtained temperatures based on the calculated β s are in favour of both slow roll and initial condition of quantum normalization.
Thus the main purpose of this work is removing the mentioned discrepancy by estimating the appropriate parameter β s . Then from estimated β s , we calculate T rh , tensor to scalar ratio r, and parameters β, n based on the WMAP-9 [7] , Planck data [8] . The observed results of β s , β and r, n have consistency with their constrains from Planck [8, 9] and joint analysis of BICEP2/Keck Array and Planck Data [10] . Also the results of T rh are in agreement with its general range and special range 10 6 GeV T rh 10 9 GeV [11] based on the DECI-hertz Interferometer Gravitational-wave Observatory (DECIGO) [12] , [13] and the Big-Bang Observer (BBO) [14] . Finally we obtain the interesting reheating temperature 10 7 GeV in our results as this temperature is best determined for r ∼ 0.1 based on the DECIGO and BBO detectors [15] . Hence based on the results in this work, we can have better understanding about the history of the universe especially inflation and reheating stages. We use the units c = = k B = 1.
II. SPECTRUM OF GRAVITATIONAL WAVES
The perturbed metric for a homogeneous isotropic flat Friedmann-Robertson-Walker universe can be written as
where S(η), η and δ ij are scale factor, conformal time and Kronecker delta respectively.
The h ij are metric perturbations field contain gravitational waves with transverse-traceless properties i.e; ∇ i h ij = 0, δ ij h ij = 0. This work assumes the shape of the spectrum of RGWs generated by the expanding space time background. Therefore the perturbed matter source is not taken into account. We can describe gravitational waves with the linearized field equation that given by
To compute the h(x, η), we consider polarization modes h + and h × in terms of the creation (a † ) and annihilation (a) operators,
where k is the comoving wave number, k = |k|, l pl = √ G is the Planck's length and p = +, × are polarization modes. The polarization tensor ǫ p ij (k) is symmetric and transversetraceless
and the initial state is defined as
for each k and p. We can write eq.(2) for a fixed k and p as follows
where prime means derivative with respect to the conformal time and h k (η) = f k (η)/S(η) [2] . The general solution of this equation is a linear combination of the Hankel function with a generic power law for the scale factor S = η u given by
We can write an exact solution f k (η) by matching its value and derivative at the joining points, for of a sequence of successive scale factors with different u for a given model of the expansion of universe [16] . The history of expansion of the universe can written as follows:
1) Inflation stage:
where 1 + β < 0, η < 0 and l 0 is a constant.
2) Reheating stage:
where 1 + β s > 0, see for more details [1] .
3) Radiation-dominated stage:
4) Matter-dominated stage:
where η E is the time when the dark energy density ρ Λ is equal to the matter energy den-
EE+lowP+lensing contribution based on Planck 2015 [9] where η 0 is the present time.
5) Accelerating stage:
where γ ≃ 1.05 [17] is Ω Λ dependent parameter, with the energy density contrast Ω Λ = 0.692 based on the Planck 2015 [9] .
For normalization purpose of S, we put |η 0 − η a | = 1 which fixes the η a , and the constant ℓ 0 is fixed by the following relation,
where ℓ 0 is the Hubble radius at present with H 0 = 67.8 km s −1 Mpc −1 from Planck 2015 [9] . The physical wavelength is related to the comoving wave number as λ ≡ 2πS(η)/k. If the wave mode crosses the horizon of the universe when λ/2π = 1/H [18] , then the wave number k H corresponding to the present Hubble radius is
, that its wavelength at the time η E is the Hubble radius 1/H 0 . By matching S and S ′ /S at the joint points, one gets
where
, and ζ 1 ≡
S(ηs) S(η 1 )
.
With these specifications, the functions S(η) and S ′ (η)/S(η) are fully determined [1] , [4] .
The power spectrum of RGWs is defined as
Substituting eq.(3) in eq. (14) with same contribution of each polarization, we get
The spectrum at the present time h(k, η 0 ) can be obtained, provided the initial spectrum is specified. The initial amplitude of the spectrum is given by
where the constant A can be determined by quantum normalization [1] , [4] :
[1], [3] . Thus the amplitude of the spectrum for different ranges are given by [4] 
By taking the reduced wavelength λ/2π = 1/H [18] , we can obtain ν E = 2.6 × 10 −19 Hz,
The amplitude of the waves at the pivot wave number k
can normalaized by r = ∆ [19, 20] where ν 0 = 3.09×10 −18 Hz is the pivot wave
The spectral energy density parameter Ω g (ν) of gravitational waves is defined through
, where ρ g is the energy density of the gravitational waves and ρ c is the critical energy density. One reads [1]
In order to ρ g /ρ c dose not exceed the level of 10 −5 , the Ω g (ν 1 ) cannot exceed the level of 10 −6 [1] . Thus based on eq. (24), Ω g (ν 1 ) ≃ 10 −6 for the maximum frequency ν 1 ≃ 3.9 × 10
10
Hz.
The potential V (φ) = λφ n with scalar field φ and constant λ causes inflation. The parameter n can has the range 1 < n < 2.1 [6] , [21] . There are three relations that connect the r, β s and β with n [6]:
and
where n s is scalar spectral index. And also we can write the T rh based on the slow-roll inflation as follows [6] T rh = 3.36 × 10
where A s is amplitude of the scalar perturbations. For taking in account the effect of the T rh on the ζ s and ζ 1 , we can consider the following relations [1] , [6] :
where S rec and m pl are scale factor at the recombination and Planck mass respectively. The When the quantum normalization for the generation of RGWs during inflation is considered, we get by eqs. (13, 17, 23 )
III. DETERMINING PARAMETER β s
The parameter β s is as a free parameter if dose not exceed the 1 + β s > 0. The reheating temperature under slow-roll inflation and quantum normalization (eqs.(28, 31)) is very sensitive to the β s . These conditions are very important for the early universe and we must pay attention to obtain the suitable β s under these conditions. Otherwise there will be some problems such as discrepancy of T rh as mentioned in [6] due to some unsuitable β s like β s = 1. Therefore in case of the slow-roll inflation is correct condition, due to this discrepancy the author in [6] has believed that the quantum normalization in eq.(31) may not be a good initial condition. Also he has mentioned the point as follows, "if we do not consider quantum normalization, the zero point energy must be removed or the cosmological constant would be 120 orders of magnitude more than observed." So based on this point, we think both conditions are suitable conditions and the observed difference in T rh can remove by determining the appropriate parameter β s in the reheating era. Hence the obtained temperatures based on the calculated β s are in favour of both slow roll and initial condition of quantum normalization. Thus we will investigate this motivation in this section.
The obtained results for given n s and A s based on WMAP-9 [7] . The W, T s and T q stand for WMAP, reheating temperature of slow roll and quantum normalization respectively. The A ∝ l
Object
that is appeared in eq. (17), is determined by quantum normalization.
Therefore by using (13, 17, 29, 30) in eq.(31) and after straightforward calculation, we obtain T rh as follows:
where terms A, A 1 , A 2 , A 3 and A 4 are function of β s (see Appendix.(A) for more details).
Therefore T rh in eq.(32) becomes complicated function of β s for given n s .
It seems the observed difference in T rh that mentioned in the first paragraph of this section can remove by determining of the appropriate β s in eqs.(28, 32) if it dose not exceed the condition 1 + β s > 0, and also the obtained Ω g is not more than level ≃ 10 −6 due to β s [1] .
Thus in order to remove the observed difference, we repeat eqs.(28, 32) as follows:
where T s and T q are reheating temperatures based on the slow roll and quantum normalization respectively. In order to find equal temperature T s = T q , we get 3.36 × 10
Because this relation is complicated function of β s , we solve it numerically. Then based on the calculated β s , the corresponding amount of parameters r, n and β will obtain from eqs.(25, 26, 27) respectively. The obtained results are shown in tables.[III, III] based on WMAP-9 [7] and Planck [8] respectively. Also for more clarity purpose, the diagram of T s and T q functions are plotted in Fig. [1] , panels. (a to e) and Fig.[ 2] , panels. and there is no need to bother about the discrepancy of T rh . Otherwise there will be some problems like discrepancy that mentioned in [6] .
Therefore this work tells us one can remove the mentioned discrepancy in the T rh for some specific β s . As these specific amounts of β s are in favour of both slow roll and initial condition of quantum normalization. Therefore it may be better to focus on the amounts of β s that are obtained in this work.
Also it is observing that the all amounts of T rh (T s and T q ) are in good agreement with the general range 10 MeV T rh 10 16 GeV in both tables for all type of objects. But there are some amounts of T rh that have consistency with the special range 10 6 GeV T rh 10
9
GeV based on the DECIGO and BBO detectors [11] . The obtained results of β s and Ω g do not exceed the their constrains (1 + β s > 1, Ω(ν 1 ) ≃ 10 −6 ) in both tables for all type of objects. But there are some amounts of r (n) that have consistency with (the range 1 < n < 2.1) the Planck [8] [9] [10] and WMAP [7] result of r ∼ 0.1, 0.13 respectively. The corresponding calculated amounts of β give us better understanding about the uncertainty condition 1 + β < 0 [4] . The interesting temperature ∼ 10 7 GeV found again in the results (see tables). This temperature is best determined for r ∼ 0.1 based on the DECIGO and BBO detectors [15] .
Thus the obtained results can give us better realization about the history of the universe especially for inflation and reheating stages. 
IV. DISCUSSION AND CONCLUSION
The behaviour of the inflation and reheating stages are often known as power law expansion S(η) ∝ η 1+β , S(η) ∝ η 1+βs respectively, with constraints 1 + β < 0, 1 + β s > 0.
The reheating temperature and β s are important and give us valuable information about the reheating stage.
It observed that the motivated discrepancy due to considering the slow roll and initial condition of quantum normalization, can remove by determining of the appropriate β s .
Therefore the obtained parameters of β s were in favour of both conditions. In other words both conditions will be suitable based on the appropriate β s simultaneously. Otherwise there will be some problems like discrepancy of T rh . The obtained results of β s , β and Ω g did not exceed the their constrains. But there were some amounts of r (n) that have consistency with (the range 1 < n < 2.1) the Planck and WMAP result of r ∼ 0.1, 0.13 respectively. It observed that the all amounts of T rh (T s and T q ) were in good agreement with its general range. While some of them were in good agreement with the special range of T rh . Also it observed the interesting temperature ∼ 10 7 GeV that is best determined based on the DECIGO and BBO detectors, found in our results again.
Hence, based on our results we can have better understanding about the history of the universe especially for inflation and reheating stages. 
we can see that A is appeared in eq. (17) 
where 
It can see that A has the form based on the eqs.(23, 25, 26) as follows:
and also by using eqs.(26, 27), we can get β = β s (n s − 13) + 2n s − 14 6(1 + β s ) .
Therefore the eq.(A2) is complicated function of β s .
